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Three-Particle Bargmann-Wigner Equations in the
Strong-Coupling Limit
Winfried P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Abstract
Starting from a nonlinear isospinor-spinor eld equation, generalized three-
particle Bargmann-Wigner equations are derived. In the strong-coupling
limit, a special class of spin 1/2 bound-states are calculated. These solutions
which are antisymmetric with respect to all indices, have mixed symmetries
in isospin-superspin space and in spin orbit space. As a consequence of this
mixed symmetry, we get three solution manifolds. In appendix B, table 2,
these solution manifolds are interpreted as the three generations of leptons
and quarks. This interpretation will be justied in a forthcoming paper.
PACS 11.10 - Field theory
PACS 12.10 - Unied eld theories and models
1 Introduction
In various eld theoretic models, three-fermion bound states are assumed to play an
important role. In general, ordinary Schrodinger equations or Bethe Salpeter equa-
tions are used for their calculation. As far as these models are based on nonlinear
spinor equations, for instance Nambu Lasinio Models or Heisenberg Models, it is
reasonable to apply generalized Bargmann Wigner equations for the calculation of
many-fermion bound states. In previous papers we calculated two-fermion compos-
ites and three-fermion composites by means of generalized B. W. equations [3],[1],
[5]. In [2],[3], [8] we showed that the eective dynamics of these bound states leads
to an unbroken SU(2)U(1) gauge theory and that the three-fermion bound states
may be interpreted as quarks and leptons. However, because we used three-particle
states with symmetric isospin-superspin dependence, we obtained isospin quartets
instead of isospin doublets which are required by phenomenology. Furthermore, the
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three-particle solutions with symmetric isospin-superspin dependence can only de-
scribe one generation of leptons and quarks i. e. the three families have not been
included up to now.
This paper is a rst step in order to remove these drawbacks. Starting from a non-
linear spinor-isospinor eld equation we will derive generalized Bargmann-Wigner
equations. Then we will calculate those solutions which have mixed symmetry in
isospin-superspin space and spin orbit space. The calculations are performed in
the strong-coupling limit. A physical motivation for the application of the strong-
coupling limit is given in [5], where also literature concerning the strong-coupling
limit is cited. In the mixed symmetric sector we not only get isospin doublets but
also three solution manifolds which can in principle describe the three generations
of leptons and quarks. The proof that the eective dynamics of mixed symmetric
three-fermion states and two-fermion composites includes the three generations of
leptons and quarks is postponed to a forthcoming paper.
It should be mentioned that we can choose between the solution manifold with sym-
metric isospin-superspin dependence and the solution manifold with mixed symme-
try in isospin-superspin space by ne-tuning the coupling constant. The value of the
coupling constant can be chosen such that one of the two solution manifolds acquire
low masses whereas the masses of the remaining solution manifold get high values
i. e. it become unobservable.
The paper is organized as follows. In section 2 we introduce the subfermion model.
In section 3, the three-particle equations are given and the strong-coupling limit is
performed. In section 4 the solutions of these three-particle equations are discussed
for the case of mixed symmetry in isospin-superspin space. In section 5 a summary
is given. Finally we mention that some denitions and notations used in this paper
are given in appendix A and B.
2 The model
The basic fermions of our model are described by Dirac spinors which satisfy the




































































As leptons and quarks are assumed to be constituted by three of these fermions
we call them in the following subfermions, in contrast to the fermions of the standard
model.
If we use the charge conjugated spinor '
c
A
instead of the adjoint spinor '
A
and








































































































































































We characterize the quantum states jai of the model (2) by the set of normal ordered





















; t)gj ai : (3)
Introducing furthermore the generating functional states for the normal transformed
matrix-elements jF(j; a)i with anticommuting sources j
Z
(r) and their corresponding
duals @
Z
































































































































































































































































= 0 and F
a
in (4) is
the antisymmetric equal time limit of the fermion eld propagator. Furthermore
it should be emphasized, that at this stage of calculation we have not restricted
ourselves onto Fock-space.
3 Three-particle equations
If projected in coordinate space, (4) yields an innite set of coupled dierential
equations for the innite set of matrix-elements of normal ordered products of eld
operators. In order to obtain generalized Bargmann-Wigner equations from this set,



















































The non-diagonal part of (4) is assumed to mediate the interactions of the eigenstates
of (5) [2]. The corresponding theory of eective interactions is not the topic of this
paper. Rather we want to investigate the solutions of (5), in particular three-particle



























































































which has to be anti-
symmetric with respect to all indices. For the connection of (6) with ordinary
BW-equations we refer to [5] and the literature cited therein.
























For a physical motivation with respect to the use of the strong-coupling limit see










































































For the evaluation of (8) we need the explicit form of F
a
. As a rst approximation we
take for F
a
the antisymmetric equal time limit of the free fermion eld propagator,







<1 (For a systematic























































































(r). Furthermore we mention that s(r) is a scalar
function which means that it is a function of r
2


























= g (r   r
1
) (r   r
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resp. are the corresponding duals which satisfy the following



















































































































4 Calculation of three-particle states in the mixed
symmetric sector
In this section, we discuss those spin 1/2 solutions of (8) which possess mixed sym-
metry in isospin-superspin space. In addition, we restrict ourselves to solutions '


































As will be shown below, the constraint (11) enables us to completely separate the
determination of the isospin-superspin part from the calculation of the spin orbit
part of the wave function. This is in full analogy to the case of symmetric isospin-
superspin dependence (see [5]).







with mixed symmetry in isospin-






































are dened in appendix A. The quantum number a rep-
resents the J = 1=2 spin quantum numbers whereas the quantum number j of the
isospin state jji combines the isospin and fermion quantum numbers. The possi-
bility to classify the states according to isospin and fermion quantum numbers is a
consequence of the global SU(2)U(1)-invariance of equation (1) or (8) respectively.



























































































































In general, we must take into account the possibility of degeneracy. Therefore we
have to replace in (12) the states jji or j
a








i respectively, where the degeneracy indices s; r enumerate the states be-
















































. This yields a decomposition of the mixed symmetric






. If we require the states C
11
jj; si to be
complete, i. e. every state of H
11





jj; si, then it can be proven that we get a complete set of states in H
22
with










































































































































































































So far we have not achieved any simplication with respect to (13). However, it is
shown in appendix B that due to the requirement (11) there is no degeneracy in the
isospin-superspin space i. e with (11) we have
C
11















































The ansatz (17) is indeed a simplication in comparison to the ansatz (13) because
in this ansatz we only have coecients 
s
with one index instead of coecients t
rs
with two indices. Before we use this ansatz to evaluate (8), we discuss a further
consequence of (11).


































In the following we demonstrate that the condition (11) is sucient for the fulllment





































































































where we already have taken into account that due to (11), the last two terms on
the right hand side of (10) do not give any contribution in (18). In order to further







































































































































































































We prove that (20) is automatically fullled if (11) is postulated. Substituting the











































) in the rst two
indices whereas the requirement (22) is a genuine restriction to the 
j
. Therefore
the requirement (22) is fully equivalent to the requirement (11). In order to get the






































































































































































Due to lemma 2, we see that (20) is a consequence of the requirement (11) i.e. those
functions which fulll (11) do not describe polarization clouds.
Keeping in mind that due to (11) we can neglect the last two terms on the right


























































are well dened operators. The operator C
a
is the usual antisymmetri-














































































































If we multiply in (25) from the left with
hjj (C
11
 1I) or hjj (C
12
 1I) ;














































In (26) we have no isospin-superspin dependence i. e. we have completely separated
the calculation of the isospin-superspin part from the spin orbit part of the three-







i is given, i. e. is calculated from (26), we get the complete
state j'
j;a

































































are given in appendix B.



















































































































































































































(r; ) indicates that the Young-operator C
ik
act on the indices ; r.
Equation (29) can in principle be solved [5]. However, because we are only interested
in the structure of the solution rather than in it's detailed form, we only consider




















































Because we are interested in spin-1/2-solutions, we need a complete set of multi-
spinors of the third kind in H
22
which describe spin 1=2-states. Without proof we
give the following lemma:
Lemma 3 The multispinors of the third kind which describe spin 1=2 and which are
eigenstates of C
22
with eigenvalue 1 (i. e. are elements of H
22
), are unique linear


















































































































































































































































the projected equation of (26). For brevity we do not exhibit the corresponding
calculations, rather we give the nal result. Combining the 
r
into a vector ~, we






!p +m+ 2=3 !p +m+ 2=3 0





 := g s(0) ;
and p 2 f1; 1g is the parity of the three-particle states. From detA = 0 we get for






























Due to k = 0, the eigenvalues !
i
are the masses of the bound states. They are given
as a function of the coupling constant in gure 1, where the region of the coupling
constant g   has been
chosen to yield j!
i
j <
3m. Furthermore, we see
that there is a region of g




ing to three linear indepen-
dent vectors ~. But we also
recognize that in spite of
j!
i
j < 3m, the mass scale
of the bound states coincide
















=m = g s(0)=m












This is unsatisfactory because we assume the masses of the elementary fermions to
11
be very high. In order to get realistic masses one is not allowed to use the strong-
coupling limit. Furthermore one should use a more realistic propagator instead of
the free propagator and in addition one had to take into account the polarization
cloud. But we are not interested in numerical values of masses or coupling constants
respectively, rather the above discussion should demonstrate the appearance of three
solution manifolds which is oered by mixed symmetric spin states.
5 Summary and outlook
In this paper we have calculated a special class of spin 1=2 solutions of generalized
three-particle B. W. equations. The reason why we have concentrated ourselves on
solutions with mixed symmetry is the appearance of isospin doublets (see appendix
B, table 2) and the appearance of three linearly independent solution manifolds. The
calculation of generalized three-particle B. W. equations resulting from the nonlin-
ear spinor equation (1) is only a rst step in the calculation of the three-subfermion
bound state dynamics. It has already been emphasized in section 3 that the non-
diagonal part of (4) mediates the interactions of the three-particle states. It has to
be shown in a forthcoming paper that the eective interaction between the mixed
symmetric three-particle states and the two-subfermion composites leads to the in-
clusion of the three generations of leptons and quarks. This eective interaction
has to be calculated in the framework of the weak mapping procedure which is a
mathematical tool for calculating eective bound state dynamics [2].
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Appendix
A The Young-operators of S(3) which correspond
to mixed Symmetries
In this section we consider those irreducible representation of the group S(3) which







), the representation is two-dimensional and the corresponding four Young-
operators C
ik


















are irreducible two-dimensional matrix representations of the permutation
group S(3) and P is an operator representation of the abstract S(3)-element p. To






































































































We have denoted the transpositions which interchange j; l by p
jl





















































































































is an operator representation of the S(3)-element p
ik
. In [6] the following







































is the transposed of the matrix D. In this paper the following


































B Isospin States with mixed Symmetry
Due to the global SU(2)U(1) form invariance of the spinor theory, we can classify
the three-particle states jai according to SU(2) and U(1) quantum numbers, ignoring










jai ; F jai = f jai ;

























































































2 0 0 0
0  1 0 0
0 0  2 0















The SU(2) quantum numbers t; t
z
are called isospin quantum numbers whereas the
U(1) quantum numbers f; q are called fermion number and charge. Obviously, the
transformations generated by T
3
; F;Q are not independent. As a consequence, the
relation q = t
z
+ f=2 holds.
































































































































































































i i. e. we have to discuss isospin states with mixed
symmetry, characterized by the Young-diagram . We restrict ourselves to those
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isospin states which correspond to the Young-tableau
1 3
2









can be generated from the
1 3
2
-states with the help of the operator
C
21
. The number of independent tensors in n dimensions which correspond to a






(n + 1)n(n  1)
3
(52)
In our case (n = 4) we have 20 linear independent isospin states corresponding to
1 3
2
. For the multiplicity of the states we have
20 = 2
|{z}

































(see section 4). Because (20) has an open index  we have four constraints which
restrict the number of states to 20   4 = 16. These 16 states can be classied
according to SU(2) and U(1) quantum numbers i. e. they can be chosen to fulll

































t 1/2 1/2 1/2 1/2
t
z
1/2 -1/2 1/2 -1/2
f 1/3 1/3 -1/3 -1/3
q 2/3 -1/3 1/3 -2/3
Table 1




























. With these denitions, the 16 isospin


















































































































































































































































































































































































































































































































































j ji fulll the relation C
11































The quantum numbers of the above isospin states are summarized in the following
table
jji j1i j2i j3i j4i j5i j6i j7i j8i
t 1/2 1/2 1/2 1/2 1/2 1/2 1/2 1/2
t
z
1/2 -1/2 1/2 -1/2 1/2 -1/2 1/2 -1/2
f 1 1 -1 -1 1/3 1/3 -1/3 -1/3









































jji j9i j10i j11i j12i j13i j14i j15i j16i
t 3/2 3/2 3/2 3/2 3/2 3/2 3/2 3/2
t
z
3/2 1/2 -1/2 -3/2 3/2 1/2 -1/2 -3/2
f 1/3 1/3 1/3 1/3 -1/3 -1/3 -1/3 -1/3
q 5/3 2/3 -1/3 -4/3 4/3 1/3 -2/3 -5/3
Table 2
At this stage of calculation the name isospin, fermion number and charge do not im-
ply any physical interpretation of the states. Rather these quantum numbers reect
the symmetry of eqn. (6) and serve as bookkeeping indices only. In order to deter-
mine the phenomenological quantum numbers of the three-subfermion bound states,
the interaction with other bound state particles must be taken into account. How-
ever, anticipating the results of a forthcoming paper in which the eective interaction
of these three-particle states with the two-fermion composites will be calculated, we
may identify the quantum numbers t; t
z





with the phenomenological quantum numbers of leptons and quarks.
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